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Further Pure Maths 3 Solution Bank @ pearson
Exercise 5E
1 a a=i—-j-kandn=2i+j+k
rn=an
ri+j+k)=(@{-j-k).Q2i+j+k)
=2-1-1
=0
Therefore:

rQi+j+k)=0

b a=i+2j+kandn=5i-j-3k
r.n=an
r.(5i—j—-3Kk)=(i +2j+ Kk).(5i — j - 3k)

=5-2-3
=0
Therefore:

r.(5i—j—3K) =0

¢ a=2i-3kandn=i+3j+4k
r.n=an
r.(i+ 3j +4k) = (2i — 3k).(i + 3j + 4k)
=2-12
=-10
Therefore:

r.(i+3j + 4K) =10

d a=4i-2j+tkandn=4i+j-5k
r.n=an
r.(4i+j—-5k)=(4i—-2j + k).(4i +j - 5k)
=16-2-5
=9
Therefore:

r.(4i+j-5k)=9
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2 a rQRi+j+k)=0
(xi+yj +zk).2i+j+k)=0

2x+y+z=0

b r(5i-j-3k)=0
(xi +yj+zK).(5i—j-3k)=0
Therefore:

Sx—y-3z=0

¢ r(i+t3j+4k)=-10
(xi+yj +zk).(i+ 3j +4k)=-10
Therefore:

x+3y+4z=-10

d r@i+j-5k)=9
(xi +yj+zk).(4i+j-5k)=9
Therefore:

dx+y—-5z=9

3 a The plane passes through the points A(1, 2, 0), B(3, 1, —1) and C(4, 3, 2)
AB=0B-04
=2i—-j-k
AC =0C-04
=3i+j+2k
So an equation of the plane is:

r=i+2j+AQ2i—j—k)+uGi+j+2kK)

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.



INTERNATIONAL A LEVEL

Further Pure Maths 3 Solution Bank @ pearson
3 b The plane passes through the points 4(3, 4, 1), B(-1,-2, 0) and C(2, 1, 4)
AB=0B-04
=4i-6j—-k
AC=0C-04
=—-i-3j+3k
So an equation of the plane is:

r=3i+4j+k+A(—4i— 6j — k) + u(—i - 3j + 3K)

¢ The plane passes through the points 4(2, -1, -1), B(3, 1, 2) and C(4, 0, 1)
AB=0B-04
=i+2j+3k
AC =0C-04
=2i+j+2k
So an equation of the plane is:

r=2i—j—k+A(+2j+3K)+ui+j+2k)

d The plane passes through the points A(—1, 1, 3), B(-1, 2, 5) and C(0, 4, 4)
AB=0B-04
=j+2k
AC =0C-04
=it+3j+k
So an equation of the plane is:

r=—i+j+3k+Aj+2k) +ui+3j+K)

© Pearson Education Ltd 2019. Copying permitted for purchasing institution only. This material is not copyright free.



INTERNATIONAL A LEVEL

Further Pure Maths 3 Solution Bank @ pearson
4 a r=i+2j+A2i—-j—-k)+u@Bi+j+2k)
The vector 2i — j — k is perpendicular to n

The vector 3i + j + 2k is also perpendicular to n

i j k
Son=[2 -1 -1
31 2

=i(-2+1)-jd+3)+kR2+3)
=—i—7j+5k
So the equation of the plane written in Cartesian form is:
x—Ty+5z+d=0
Substituting (1, 2, 0) gives:
~-1-14+0+d=0
d=15
Therefore:
—x—Ty+5z+15=0
or

x+7y—5z=15
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4 b r=3i+t4j+k+A4i-6j—Kk)+u-i-3j+3k)
The vector —4i — 6j — k is perpendicular to n

The vector —i — 3j + 3Kk is also perpendicular to n

i j k
Son=-4 -6 -1
-1 -3 3

=i(—-18—=3)—j(-12—-1)+ k(12 - 6)
=-21i+13j + 6k
So the equation of the plane written in Cartesian form is:
2Ix+13y+6z+d=0
Substituting (3, 4, 1) gives:
—63+52+6+d=0
d=>5
Therefore:
2Ix+13y+6z+5=0
or

2lx-13y—-6z=5

¢ r=2i—j—Kk+A3{+2j+3Kk)+uRi+j+2Kk)
The vector i + 2j + 3Kk is perpendicular to n

The vector 2i + j + 2Kk is also perpendicular to n

i j k
Son=|1 2 3
21 2
=i4—-3)-j2-6)+ k(1 —4)
=i+4j-3k
So the equation of the plane written in Cartesian form is:
x+4y—-3z+d=0
Substituting (2, —1, —1) gives:
2-4+3+d=0
d=-1
Therefore:
x+4y—-3z=1
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4 d r=—i+j+3k+Aj+2k)+ui+3j+tk)
The vector j + 2k is perpendicular to n
The vector i + 3j + k is also perpendicular to n
k

i
Son=|0 2
1 1

U = e

=i(1-6)—j(0—2)+k(0—1)
=-5i+2j—k
So the equation of the plane written in Cartesian form is:
—Sx+2y—z+d=0
Substituting (—1, 1, 3) gives:
542-3+d=0
d=—4
Therefore:
—Sx+2y—z—-4=0
or

Sx—=2y+z=-4

5 a Find two directions in the plane and take their vector product to give a normal to the plane.

1 0 1 -1 0 -1
Two directionsare | 1 |-| 4 |=|-3|and | 5 |[-|4|=]| ]
2 2 0 0 2 -2
i j Kk
A normal to the planen ={1 -3 0 |=6i+2j-2k
-1 1 =2

Dividing by 2, this gives 3i+ j—k, which is also normal to the plane.

Using r.n =a.n, with n =3i+ j—k and a =4j+ 2k (note a can be the position vector of any point
on the plane), this gives the equation of the plane as:

r.3Gi+j-k)=(4j+2k).Gi+j-k)=2

In Cartesian form this may be written as 3x+y—z =2
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2 1 1 3 1 2
5 b Two directions in the planeare | 3 |-|1|=| 2 | and | 7 |—|1|=| 6
-3 0 -3 -2 0 -2
i j k
A normal to the planen =1 2 -3|=14i—4j+2k
2 6 2
Dividing by 2, this gives 7i —2j+k, which is also normal to the plane.
Using a =i+ j, this gives the equation of the plane as:
r(7i-2j+k)=(G{+j).(7i-2j+k)=5
In Cartesian form this is 7x-2y+z=5
2 3 -1 4 3 1
¢ Two directions in the planeare | 0 (-0 |=| O | and [1|—-| 0 |=]|1
-1 0 -1 3 0 3
i j Kk
A normal to the plane n=|-1 0 -1j=i+2j-k
1 1 3
Using a = 3i, this gives the equation of the plane as:
r(i+2j-k)=3i(i+2j-k)=3
In Cartesian form thisis x+2y—z=3
3 1 2 4 1 3
d Two directions in the planeare | 1 |—-|-1|=| 2 | and |1 || -1|=
-2 6 -8 0 6 —6
i j k
The normal to the planeis n=2 2 -8 =4i—-12j-2k
3 2 -6

Dividing by 2, this gives 2i —6j—k, which is also normal to the plane.
Using a =i— j+ 06Kk, this gives the equation of the plane as:
r(2i—6j—k)=({—-j+06k).2i-6j—k)=2

In Cartesian form thisis 2x—6y—z=2
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6 In these problems, the equation of the line includes the position vector of another point on the plane
(for example, take A =0) and includes a direction vector in the plane.

a The line has direction 2i — k, and this is a direction in the plane.
The vector 4i+3j+k —(i+j—2k)=3i+2j+3k also lies in the plane.

i j k
A normal to the plane n=12 0 -1/=2i-9j+4k
3 2 3

So the equation of the plane is
r{(2i—9j+4k)=(4i+3j+Kk).(2i —9j+4k)

= 7. (2i-9j+4K)=8-27+4
= 7.(2i-9j+4Kk) =15

b The line has direction 2i+ j—3k
Another vector in the plane is 3i+5j+k —(i+2j—-2k) =2i+3j+3k

i j k
Anormaltotheplane n=12 1 -3/=12i-12j+4k
2 3 3

So the equation of the plane is
r(12i—12j+4k) = 3i+5j+k).(12i —12j+ 4k)

= r(12i—12j+4k)= 36— 60+4
= (121 12+ 4Kk) = -20
= r(3i-3j+k) =-5

¢ The line has direction i+ 2j+ 2k
Two points in the plane have position vectors 7i + 8j+ 6k and 2i— j+k , the vector joining these
points is 5i+9j+ 5k, which lies in the plane.

i j k
Anormaltotheplane n=|1 2 2|=-8i+5j—-k
595

So the equation of the plane is
r(=8i+5j—Kk)=(7i+8j+6k).(—8i+5j—k)

= r(-8i+5j—K)=—56+40—6
= r(=8i+5j—K) =22
= r(8i-5j+K) =22
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7 The plane contains the line x=2 i ;_ 4 =z —1 and passes through (1, 1, 1)

x-2=3A=>x=2+34
yv+d=A=>y=—4+1
z=1=2A=z=1+24
r=2i—4j+k+A(3i+j+2k)
The vector 3i+ j+ 2k is perpendicular to n
The vector i+ j+k —(2i—4j+k)=—i+5j is also perpendicular to n

i j k
Son=|3 1 2

-1 50

=i(0—-10)—j(0 +2) + k(15 + 1)
=—-10i —2j + 16k

So the equation of the plane written in Cartesian form is:
—10x—2y+16z+d=0
Substituting (2, —4, 1) gives:
-20+8+16+d=0
d=-4
Therefore:
—10x—2y+16z—-4=0
or
10x + 2y — 16z=—4
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